In these proceedings, the multiloop amplitude prescription using the super-Poincaré invariant pure spinor formalism for the superstring is reviewed. Unlike the RNS prescription, there is no sum over spin structures and surface terms coming from the boundary of moduli space can be ignored. Massless N -point multiloop amplitudes vanish for N < 4, which implies (with two mild assumptions) the perturbative finiteness of superstring theory. And R 4 terms receive no multiloop contributions in agreement with the Type IIB S-duality conjecture of Green and Gutperle.
Introduction
The computation of multiloop amplitudes in superstring theory has many important applications such as verifying perturbative finiteness and testing duality conjectures. Nevertheless, this subject has received little attention over the last fifteen years, mainly because of difficulties in computing multiloop amplitudes using either the Ramond-Neveu-Schwarz (RNS) or Green-Schwarz (GS) formalism.
In the RNS formalism, spacetime supersymmetric amplitudes are obtained after summing over spin structures, which can be done explicitly only when the number of loops and external states is small [1] . Since there are divergences near the boundary of moduli space before summing over spin structures, surface terms in the amplitude expressions need to be treated with care [2] [3] [4] [5] . Furthermore, the complicated nature of the Ramond vertex operator in the RNS formalism [6] makes it difficult to compute amplitudes involving external fermions or Ramond-Ramond bosons. For these reasons, up to now, explicit multiloop computations in the RNS formalism have been limited to four-point two-loop amplitudes involving external Neveu-Schwarz bosons [7] [5].
In the GS formalism, spacetime supersymmetry is manifest but one needs to fix lightcone gauge and introduce non-covariant operators at the interaction points of the Mandelstam string diagram [8] [9] [10] . Because of complications caused by these non-covariant interaction point operators [11] , explicit amplitude expressions have been computed using the light-cone GS formalism only for four-point tree and one-loop amplitudes [8] .
Over the past twenty years, there have been several approaches to covariant quantization of the superstring. However, none of these approaches were able to compute even tree-level amplitudes in a super-Poincaré covariant manner. Four years ago, a new formalism for the superstring was proposed [12] [13] with manifest ten-dimensional super-Poincaré covariance. In conformal gauge, the worldsheet action is quadratic and physical states are defined using a BRST operator constructed from superspace matter variables and a pure spinor ghost variable. A super-Poincaré covariant prescription was given for computing N -point tree amplitudes, which was shown to coincide with the standard RNS prescription [14] [15] . It was also proven that the BRST cohomology reproduces the correct superstring spectrum [16] and that BRST invariance in a curved supergravity background implies the low-energy superspace equations of motion for the background superfields [17] [18] .
Because of the pure spinor constraint satisfied by the worldsheet ghosts, it was not obvious how to define functional integration in this formalism. For this reason, the tree amplitude prescription in [12] relied on BRST cohomology for defining the correct normalization of the worldsheet zero modes. Furthermore, there was no natural b ghost in this formalism, which made it difficult to define amplitudes in a worldsheet reparameterizationinvariant manner. Because of these complications, it was not clear how to compute loop amplitudes using this formalism and other groups looked for ways of relaxing the pure spinor constraint without modifying the BRST cohomology [19] [20] [21] .
Recently, it was shown how to perform functional integration by defining a Lorentzinvariant measure for the pure spinor ghosts, introducing appropriate "picture-changing" operators, and constructing a composite b ghost in a non-zero picture. With these three ingredients, it was straightforward to generalize the tree amplitude prescription of [12] to a super-Poincaré covariant prescription for N -point g-loop amplitudes [22] .
The need for picture-changing operators in this formalism is not surprising since, like the bosonic (β, γ) ghosts in the RNS formalism [6] , the pure spinor ghosts are chiral bosons with worldsheet zero modes. As in the RNS formalism, the worldsheet derivatives of these picture-changing operators are BRST trivial so, up to possible surface terms, the amplitudes are independent of their locations on the worldsheet. But unlike the RNS formalism, there is no need to sum over spin structures and there are no divergences at the boundary of moduli space. So surface terms can be safely ignored in the loop amplitude computations.
Although the explicit computation of arbitrary loop amplitudes is complicated, there are several features of the prescription which are simpler than in the RNS prescription.
For example, there is no sum over spin structures, no surface terms from the boundary of moduli space, and no unphysical poles from negative-energy chiral bosons. Furthermore, the partition functions for the matter and ghost variables cancel, amplitudes involving external Ramond states are no more complicated than those involving external NeveuSchwarz states, and one can easily prove vanishing theorems by counting zero modes of the fermionic superspace variables. For example, S-duality of the Type IIB superstring implies that R 4 terms in the low-energy effective action receive no perturbative corections above one-loop [23] . After much effort, this was recently verified in the RNS formalism at two-loops [7] [5]. Using the formalism described here, this S-duality conjecture can be easily verified for all loops.
Similarly, one can easily prove the non-renormalization theorem that massless Npoint multiloop amplitudes vanish whenever N < 4. Assuming factorization, this nonrenormalization theorem implies the absence of divergences near the boundary of moduli space [4] [24] . Note that the boundary of moduli space includes two types of degenerate surfaces: surfaces where the radius R of a handle shrinks to zero, and surfaces which split into two worldsheets connected by a thin tube. As explained in [4] , the first type of degenerate surface does not lead to divergent amplitudes in a tachyon-free theory since, after including the log(R) dependence coming from integration over the loop momenta, the amplitude integrand diverges slower than 1/R. The second type of degenerate surface can lead to a divergent amplitude if there is an onshell state propagating along the thin tube between the two worldsheets. But when all external states are on one of the two worldsheets, vanishing of the one-point function implies the absence of this divergence.
And when all but one of the external states are on one of the two worldsheets, vanishing of the two-point function implies the absence of this divergence. Finally, when there are at least two external states on each of the two worldsheets, the divergence can be removed by analytic continuation of the external momenta [4] . Note that vanishing of the three-point function is not required for finiteness.
So with the two mild assumptions of factorization and absence of unphysical divergences in the interior of moduli space 2 , this non-renormalization theorem implies that massless multiloop superstring amplitudes are finite order-by-order in perturbation theory.
Previous attempts to prove this non-renormalization theorem using the RNS formalism [24] were unsuccessful because they ignored unphysical poles of the spacetime supersymmetry currents [2] and incorrectly assumed that the integrand of the scattering amplitude was spacetime supersymmetric. Using the GS formalism, there are arguments for the nonrenormalization theorem [26] , however, these arguments do not rule out the possibility of unphysical divergences in the interior of moduli space from contact term singularities between light-cone interaction point operators [11] . Mandelstam was able to overcome this obstacle and prove finiteness [25] by combining different features of the RNS and GS formalisms. However, the finiteness proof here is more direct than the proof of [25] since it is derived from a single formalism.
In section 2 of this paper, the worldsheet action and BRST operator in the superPoincaré invariant pure spinor formalism of [12] are reviewed. In section 3, the three new In conformal gauge, the worldsheet action is
where λ α and λ α satisfy (2.1). The OPE's for the matter variables are easily computed to be
however, the pure spinor constraint on λ α prevents a direct computation of its OPE's with w α . As discussed in [12] , one can solve the pure spinor constraint and express λ Because of the pure spinor constraint on λ α , the worldsheet variables w α contain the gauge invariance
so 5 of the 16 components of w α can be gauged away. To preserve this gauge invariance, w α can only appear in the gauge-invariant combinations
which are the Lorentz currents and ghost current. As shown in [15] and [16] using either the U(5) or SO(8) unconstrained descriptions of pure spinors, N mn and J satisfy the
where
is the left-moving stress tensor. From the OPE's of (2.6), one sees that the pure spinor condition implies that the levels for the Lorentz and ghost currents are −3 and −4, and that the ghost-number anomaly is −8. Note that the total Lorentz current
(pγ mn θ) + N mn has level k = 4 − 3 = 1, which coincides with the level of the RNS Lorentz current M mn = ψ m ψ n . The ghost-number anomaly of −8 will be related in subsection (3.1) to the pure spinor measure factor. Finally, the stress tensor of (2.7)
has no central charge since the (+10 − 32) contribution from the (x m , θ α , p α ) variables is cancelled by the +22 contribution from the eleven independent (λ α , w α ) variables.
BRST operator and massless vertex operators
Physical open string states in this formalism are defined as super-Poincaré covariant states of ghost-number +1 in the cohomology of the nilpotent BRST-like operator
is the supersymmetric Green-Schwarz constraint. As shown by Siegel [28] , d α satisfies the
2 θγ m ∂θ is the supersymmetric momentum and
is the supersymmetric generator satisfying
To compute the massless spectrum of the open superstring, note that the most general vertex operator with zero conformal weight at zero momentum and +1 ghost-number is
where A α (x, θ) is a spinor superfield depending only on the worldsheet zero modes of x m and θ α . Using the OPE that
is the supersymmetric derivative, one can easily check that QV = 0 and δV = QΛ implies
for some vector superfield A m with the gauge transformations
In components, one can use (2.15) and (2.16) to gauge A α and A m to the form
where 
is the spinor superfield strength, and
is the vector superfield strength.
Functional Integration, Picture-Changing Operators and the b Ghost

Measure factor for pure spinor ghosts
As reviewed in section (2.1), the gauge invariance of (2.4) implies that pure spinor ghosts can only appear through the operators λ α , N mn and J. Correlation functions for the non-zero modes of these operators are easily computed using the OPE's of (2.6). However, after integrating out the non-zero worldsheet modes, one still has to functionally integrate over the worldsheet zero modes. Because λ α has zero conformal weight and satisfies the pure spinor constraint
λ α has 11 independent zero modes on a genus g surface. And because N mn and J have +1 conformal weight and are defined from gauge-invariant combinations of w α , they have 11g independent zero modes on a genus g surface. Note that (3.1) implies that N mn = 1 2
(wγ mn λ) and J = wλ are related by the equation [30] :
where the normal-ordered product is defined by :
(The coefficient of the ∂λ α term is determined by computing the double pole of the lefthand side of (3.2) with J.) Just as (3.1) implies that all 16 components of λ α can be expressed in terms of 11 components, equation (3.2) implies that all 45 components of N mn can be expressed in terms of J and ten components of N mn .
Because of the constraints of (3.1) and (3.2), it is not immediately obvious how to functionally integrate over the pure spinor ghosts. However, as will be shown below, there is a natural Lorentz-invariant measure factor for the pure spinor ghosts which can be used to define functional integration.
A Lorentz-invariant measure factor for the λ α zero modes can be obtained by noting
satisfies the identity
because λγ m dλ = 0. Using the properties of pure spinors, this implies that all 
is the unique Lorentz-invariant tensor (up to rescaling) which is symmetric and γ-matrix traceless (i.e. γ
((β 1 β 2 β 3 )) = 0) in three lowered indices and antisymmetric in eleven raised indices. It is defined by
].
One can similarly construct a Lorentz-invariant measure factor for the N mn and J zero modes from
Using the constraint of (3.2) and keeping λ α fixed while varying N mn and J, one finds that (3.6) satisfies the identity After using the OPE's of (2.6) to integrate out the non-zero modes of the pure spinor ghosts on a genus g surface, one will obtain an expression
which only depends on the 11 worldsheet zero modes of λ, and on the 11g worldsheet zero modes of N and J. Using the Lorentz-invariant measure factors defined in (3.5) and (3.8), the natural definition for functional integration over these zero modes is
Note that with this definition, f (λ, N 1 , J 1 , N 2 , J 2 , ..., N g , J g ) must carry ghost number −8+8g to give a non-vanishing functional integral, which agrees with the −8 ghost-number anomaly in the OPE of J with T . It will now be shown how the functional integral of (3.10) can be explicitly computed with the help of picture-changing operators.
Picture-changing operators
As is well-known from the work of Friedan-Martinec-Shenker [6] and Verlinde-Verlinde space, these surface terms can give finite contributions which need to be treated carefully.
As will now be shown, functional integration over the bosonic ghosts in the pure spinor formalism also requires picture-changing operators with similar properties to those of the RNS formalism. However, since the correlation functions in this formalism do not diverge near the boundary of moduli space, there are no subtleties due to surface terms.
To absorb the zero modes of λ α , N mn and J, picture-changing operators in the pure spinor formalism will involve the delta-functions δ(C α λ α ), δ(B mn N mn ) and δ(J) where C α and B mn are constant spinors and antisymmetric tensors. Although these constant spinors and tensors are needed for the construction of picture-changing operators, it will be shown that scattering amplitudes are independent of the choice of C α and B mn , so Lorentz invariance is preserved. As will be discussed later, this Lorentz invariance can be made manifest by integrating over all choices of C α and B mn . Note that the use of constant spinors and tensors in picture-changing operators is unrelated to the pure spinor constraint, and is necessary whenever the bosonic ghosts are not Lorentz scalars. 3 In the RNS formalism, it is convenient to bosonize the (β, γ) ghosts as β = ∂ξe −φ and γ = ηe φ since the spacetime supersymmetry generator involves a spin field constructed for the negative-energy chiral boson φ. The delta functions δ(β) and δ(γ) can then be expressed in terms of φ as δ(β) = e φ and δ(γ) = e −φ . However, in the pure spinor formalism, there is no advantage to performing such a bosonization since all operators can be expressed directly in terms of λ α , N mn and J . Furthermore, since functional integration over the φ chiral boson can give rise to unphysical poles in the correlation functions, the fact that all operators in the pure spinor formalism can be expressed in terms of (λ α , N mn , J ) allows one to avoid unphysical poles in pure spinor correlation functions.
As in the RNS formalism, the picture-changing operators will be BRST-invariant with the property that their worldsheet derivative is BRST-trivial. A "picture-lowering" operator Y C with these properties is
where C α is any constant spinor. Note that QY C = (C α λ α )δ(C β λ β ) = 0 and
is defined using the usual rules for derivatives of delta functions, e.g.
Although Y C is not spacetime-supersymmetric, its supersymmetry variation is BRSTtrivial since
Similarly, Y C is not Lorentz invariant, but its Lorentz variation is BRST-trivial since
So different choices of C α only change Y C by a BRST-trivial quantity, and any on-shell amplitude computations involving insertions of Y C will be Lorentz invariant and spacetime supersymmetric up to possible surface terms. The fact that Lorentz invariance is preserved only up to surface terms is unrelated to the pure spinor constraint, and is caused by the bosonic ghosts not being Lorentz scalars.
One can also construct BRST-invariant operators involving δ(B mn N mn ) and δ(J)
with the property that their worldsheet derivative is BRST-trivial. These "picture-raising" operators will be called Z B and Z J and are defined by
where B mn is a constant antisymmetric tensor. One can check that QZ B = QZ J = 0 and that ∂Z B and ∂Z J are BRST-trivial. Furthermore, different choices of B mn only change Z B by a BRST-trivial quantity.
Construction of b Ghost
To compute g-loop amplitudes, the usual string theory prescription requires the insertion of (3g − 3) b ghosts of −1 ghost-number which satisfy
where T is the stress tensor of (2.7). After integrating b(u) with a Beltrami differential µ P (u) for P = 1 to 3g − 3, the BRST variation of b(u) generates a total derivative with respect to the Teichmuller parameter τ P associated to the Beltrami differential µ P . But since w α can only appear in gauge-invariant combinations of zero ghost number, there are no operators of negative ghost number in the pure spinor formalism, so one cannot construct such a b ghost. Nevertheless, as will now be shown, the picture-raising operator
can be used to construct a suitable substitute for the b ghost in non-zero picture.
Since genus g amplitudes also require 10g insertions of Z B (z), one can combine (3g−3)
insertions of Z B (z) with the desired insertions of the b(u) ghost and look for a non-local operator b B (u, z) which satisfies
Note that Z B carries +1 ghost-number, so b B carries zero ghost number. And (3.17) implies that integrating b(u, z) with the Beltrami differential µ P (u) has the same properties as integrating b(u) with µ P (u) in the presence of a picture-raising operator Z B (z).
Using
where b B (u) is a local operator satisfying
The explicit formula for b B (u) satisfying (3.19) is complicated and was computed in [22] up to some undetermined coefficients. Ignoring Lorentz indices, b B has the form
For proving vanishing theorems, it will be useful to note that all terms in b B have +2 conformal weight and +4 "engineering" dimension where [λ, θ, x, d, N ] are defined to carry
, 2] engineering dimension and δ(BN ) carries −1 conformal weight and zero engineering dimension.
Multiloop Amplitude Prescription
Using the picture-changing operators and b B ghost of section 3, one can define a superPoincaré covariant prescription for computing N -point g-loop closed superstring scattering amplitudes as When g = 1, the prescription of (4.1) needs to be modified for the usual reason that genus-one worldsheets are invariant under constant translations, so one of the vertex operators should be unintegrated. The one-loop amplitude prescription is therefore
where V 1 (t 1 ) is the unintegrated closed string vertex operator. And when g = 0, three of the vertex operators are unintegrated and one uses the prescription
As discussed in section 3, the Lorentz variations of b B P , Z B P and Y C I are BRST-trivial, so the prescription is Lorentz-invariant up to possible surface terms. Also, all operators are manifestly spacetime supersymmetric except for Y C I , whose supersymmetry variation is BRST-trivial. In section 5, it will be argued that surface terms can be ignored in this formalism because of finiteness properties of the correlation functions. So the amplitude prescriptions of (4.1), (4.2) and (4.3) are super-Poincaré covariant and A is independent of the eleven constant spinors C I and ten constant tensors B P which appear in the picturechanging operators. One can therefore obtain manifestly Lorentz-covariant expressions from this amplitude prescription by functionally integrating over the matter fields and pure spinor ghosts.
As usual, the functional integration factorizes into partition functions and correlation functions for the different worldsheet variables. However, in the pure spinor formalism, the partition functions for the different worldsheet variables cancel each other out. This is easy to verify since the partition function for the ten bosonic x µ variables gives a fac-
where ∂ 0 and ∂ 0 are the holomorphic and antiholomorphic derivatives acting on fields of zero conformal weight, the partition function for the sixteen fermionic (θ α , p α ) and (θ α , p α ) variables gives a factor of (det ∂ 0 ) 16 (det ∂ 0 ) 16 , and the partition function for the eleven bosonic (λ α , w α ) and (λ α , w α ) variables gives a factor of
. So to perform the functional integral, one only needs to compute the correlation functions for the matter variables and pure spinor ghosts.
As described in detail in [22] , these correlation functions can be computed by first separating off the zero modes from the worldsheet variables and then using the OPE's of (2.6) and (2.10) for performing the correlation functions for the nonzero modes of these variables. Finally, one integrates over the worldsheet zero modes using the usual measure factors for the matter variables (x m , θ α , p α ) and using the Lorentz-invariant measure factors of subsection (3.1) for the pure spinor ghost variables.
The resulting expression for the scattering amplitude naively depends on the eleven constant spinors C I and ten constant tensors B P which appear in the picture-changing operators. However, due to Lorentz invariance of the picture-changing operators, one is guaranteed that this dependence on C I and B P is BRST-trivial. One can therefore integrate over all possible choices of C I and B P and obtain a manifestly Lorentz-covariant expression for the multiloop amplitude. As shown in [22] , integration over C I and B P is straightforward and the resulting covariant expression agrees for tree amplitudes and for massless four-point one-loop amplitudes with the well-known RNS expression.
Vanishing Theorems
In this section, the amplitude prescription of section 4 will be used to prove certain vanishing theorems for massless closed superstring scattering amplitudes. In subsection (5.1), it will be proven that massless N -point g-loop amplitudes are vanishing whenever N < 4 and g > 0, implying (with two mild assumptions) the perturbative finiteness of superstring theory. And in subsection (5.2), it will be proven that the low-energy limit of the four-point massless amplitude gets no perturbative contributions above one-loop, in agreement with the Type IIB S-duality conjecture of Green and Gutperle.
To prove these vanishing theorems, it will be useful to express the massless closed 
Using the unintegrated and integrated massless vertex operators of (2.13) and (2.18), this implies that
are the unintegrated and integrated massless closed superstring vertex operators.
Non-renormalization theorem
In this subsection, the amplitude prescription of section 4 will be used to prove that massless N -point g-loop amplitudes vanish whenever N < 4 and g > 0. For N = 0, this implies vanishing of the cosmological constant; for N = 1, it implies absence of tadpoles;
for N = 2, it implies the mass is not renormalized; and for N = 3, it implies the coupling constant is not renormalized. Using the arguments of [4] [24] which were summarized in the introduction, and assuming factorization and the absence of unphysical divergences in the interior of moduli space, these non-renormalization theorems imply that massless superstring scattering amplitudes are finite order-by-order in perturbation theory.
Although surface terms were ignored in deriving the amplitude prescription of section For one-point amplitudes, conservation of momentum implies that the external state must have momentum k m = 0. But when k m = 0, the maximum number of zero modes in the vertex operator is one θ α and one θ α coming from the superfield
All other components in the superfields appearing in the vertex operators of (5.1) and (5.2) are either fermionic or involve powers of k m . So all one-point amplitudes vanish.
To prove that massless two and three-point amplitudes vanish for non-zero g, one needs to count the available zero modes of d α , as well as the zero modes of N mn . On a genus g surface, non-vanishing amplitudes require 16g zero modes of d α . In addition, the number of N mn zero modes must be at least as large as the number of derivatives acting on the delta functions δ(BN ) in the amplitude prescription. Otherwise, integration over the N mn zero modes will trivially vanish.
To prove the N -point g-loop non-renormalization theorem for N = 2 and N = 3, it is useful to distinguish between one-loop amplitudes and multiloop amplitudes. For massless N -point one-loop amplitudes using the prescription of (4. However, as will be shown in subsection (6.4), one can prove that the low-energy limit of these multiloop amplitudes vanish, which implies that the R 4 term in the effective action gets no perturbative corrections above one loop.
Absence of multiloop R 4 contributions
Although the four-point massless amplitude is expected to be non-vanishing at all loops, there is a conjecture based on S-duality of the Type IIB effective action that R 4 terms in the low-energy effective action do not get perturbative contributions above oneloop [23] . After much effort, this conjecture was recently verified in the RNS formalism at two loops [7] [5]. As will now be shown, the multiloop prescription of section 4 can be easily used to prove the validity of this S-duality conjecture at all loops.
Nevertheless, there are still some open questions concerning the super-Poincaré covariant prescription which would be useful to answer. Since the formalism has only been defined in conformal gauge, it is not yet clear how to derive the BRST operator and picture-changing operators from a worldsheet reparameterization-invariant action analogous to the Nambu-Goto action for the bosonic string. One clue may come from the N=2 twistor-string formalism which has been shown at the classical level to be related to the pure spinor formalism and the b ghost [31] . Another important question is to show that the multiloop prescription is unitary, possibly by proving its equivalence with a light-cone gauge prescription.
There are many possible applications of the multiloop prescription described here. For example, one could try to verify duality conjectures which imply vanishing theorems for higher-derivative R 4 terms [32] , R 4 H 4g−4 terms [33] , and F 2n terms [34] . Another possible application is to generalize multiloop computations in a flat ten-dimensional background to multiloop computations in a Calabi-Yau background, perhaps by using the hybrid formalism. Finally, a recent exciting application of these methods has been developed by Anguelova, Grassi and Vanhove [35] for computing covariant one-loop amplitudes in eleven dimensions using the pure spinor version of the d = 11 superparticle [36] .
